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Abstract
We describe the supergravity solutions dual to D6-branes with both time-dependent
and time-independent B-elds. These backgrounds generalize the Taub-NUT metric
in two key ways: they have asymmetric warp factors and background fluxes. In the
time-dependent case, the warping takes a novel form. Kaluza-Klein reduction in these
backgrounds is unusual, and we explore some of the new features. In particular, we
describe how a localized gauge-eld emerges with an analogue of the open string met-
ric and coupling. We also describe a gravitational analogue of the Seiberg-Witten
map. This provides a framework in supergravity both for studying non-commutative
gauge theories, and for constructing novel warped backgrounds.
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1 Introduction
The aim of this paper is to generalize the correspondence between D6-branes and multi-
Taub-NUT metrics [1]. The case of particular interest to us is a D6-brane with NS-NS
B2-elds along certain directions of its world-volume. The type IIA geometry describing
the back reaction of these branes has been studied in [2,3], and for massive type IIA in [4].
For a particular choice of low-energy elds, the world-volume theory is a supersymmetric
non-commutative Yang-Mill theory [5]. On the other hand, the M theory description of this
background is a warped geometry with fluxes that preserves one-half of the supersymme-
tries. For certain choices of B2-eld, this background appeared in [6]. Our approach diers
from the AdS/CFT style approach of [7, 8] because we expect to see a non-commutative
gauge-eld directly in our Kaluza-Klein spectrum. While it might be possible to see this
singlet eld in the gravity dual of lower-dimensional branes, the zero-mode analysis looks
harder [9].
We will also consider branes with time-dependent fluxes of the kind described in [10],
and studied in related work [11{13]. The world-volume theory is a non-commutative gauge
theory, but with a time-dependent non-commutativity parameter [10]. In these cases, the
solution is warped in an unusual way not seen in the string compactications studied to
date. We will see that the metric for the internal space is also warped with a time-dependent
scale factor. A priori, it would have been hard to imagine that this kind of solution could
give rise to localized degrees of freedom. Yet the existence of a brane dual suggests that this
is indeed the case. The form of this solution also suggests the existence of a far larger class
of compactications where the internal space modulates in a time-dependent way. This
direction will be investigated elsewhere [14].
In the following section, we begin by obtaining the explicit metrics and fluxes corre-
sponding to the M theory duals of D6-branes with time-independent fluxes. In section
three, we repeat this analysis for the case of D6-branes with time-dependent fluxes. This
gives us solutions with explicit time-dependent warping.
In the nal section, we investigate the new issues that arise in determining the Kaluza-
Klein spectrum for asymmetrically warped metrics of this kind. In particular, we nd that
fluctuations of the metric and 3-form necessarily couple in these backgrounds. We show this
in two ways: rst, by a direct analysis of small fluctuations around the warped background.
Second, by a duality chasing argument. One of our main goals in this investigation was
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to see how the non-commutative gauge group arises from supergravity. This coupling of
fluctuations makes it clear that a class of gravity gauge transformations constitute part of
the gauge theory symmetry group. We also explicitly nd the harmonic 2-forms on these
spaces which play a key role in giving rise to space-time gauge-elds. The couplings and
metrics are deformed from the values we expect for closed strings toward the values we
expect for open strings.
While we see a good deal of evidence for the emergence of non-commutative gauge sym-
metry in our Kaluza-Klein analysis, our account from a direct small fluctuation analysis is
still incomplete. Our duality chasing argument suggests that the Seiberg-Witten map be-
tween commutative and non-commutative variables map [15] should follow naturally from
T-duality! Indeed, we are able to obtain this map from gravity to quadratic order in the
gauge-elds. Our analysis is really a natural extension of the argument by Cornalba [16]
(see, also [17]) to gravity. Using similar reasoning, it should be possible to describe, in a
uniform way, the coupling of the supergravity multiplet to non-commutative gauge-elds.
There is also a great deal more to be understood about the time-dependent case. We
should also point out that our results have interesting implications for the geometric ap-
proach to computing the NS 5-brane partition sum studied in [18]. Lastly, we note that
asymmetrically warped backgrounds have been considered recently in string theory [19],
and in non-stringy settings [20].
2 Black Branes and T-duality
2.1 The smeared 5-brane solution
Our starting point for most of the following discussion is the smeared black 5-brane solution
of IIB supergravity. It can be obtained, for example, by T-dualizing a spherically symmetric
(in the transverse directions) 6-brane solution along the brane. The 5-brane solution is












H−1dx0 ^ . . . ^ dx5 (1)
C2 = g
−1
s c  cos θdx6 ^ dψ
2
where
We now proceed to generate some new solutions from this starting point. Our main
tools are T-duality and lifting to M-theory. We outline our conventions in Appendix A.
2.2 The usual story
It is useful for us to begin with a brief discussion of the standard story which we plan to
generalize. Typically, one starts with a spherically symmetric 6-brane, but for practice, we














H−1dx0 ^ . . . ^ dx5 ^ dx6 (2)
C1 = −~g−1s c  cos θdψ
where ~gs = `sgs/R and H is given by eqs. (??) and (??). Gratifyingly, it is the 6-brane
solution that we expect.
Now lifting to 11D (with ~gs = 1 for simplicity) we obtain:
2.3 The twisted compactification
We will now generalize this solution to the case where the D6-brane supports a rank 2 NS-NS
B2-eld. Let us outline the steps: our starting point is a D5-brane oriented along x0,1,2,3,4,5
and delocalised along x6 (this is essentially T-dual to a D6-brane oriented along x0,1,2,3,4,5,6
and localised at a point in x7,8,9). The directions x5,6 form a square torus. We then twist the
directions in such a way that a second T-duality along the delocalised x6 direction gives a
D6-brane with a non-trivial B2-eld along x5,6. We then lift this conguration to M theory
where we obtain a warped analogue of the Taub-NUT metric of (??) with 4-form G4-fluxes.
As a matter of notation, note that G4 = dA3 where A3 is the 11-dimensional supergravity
potential. This will be the solution that should give rise to a non-commutative gauge-eld.
Let us give a detailed analysis of this procedure now.
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Starting with the solution from section 2.1, we make a change of coordinates (found
in [6]):






x5 = secαz1 +R sinαz2
x6 = R cosαz2. (4)


























H−1dx0 ^ . . . ^ dx4 ^ (secαdz1 +R sinαdz2)
C2 = g
−1
s Rc  cosα cos θdz2 ^ dψ.
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and have scaled z2 so that it has the natural T-dual radius of `
2
s/R. The constant c in (5)
has been xed in (6) and (7) by computing
R
dC1.

































Note that the 3-form has a non-trivial eld strength with 2 legs in the direction of B2 and
2 legs along the internal space.
Let us make the map between parameters explicit. Viewing the type IIA conguration
as our starting point, we began with a solution whose parameters are ~gs, `s, and the angle
α which determines the strength of the B-eld via
2.4 Generalizing to higher rank B2-fields
It is a simple matter to repeat the analysis above with additional twisted compactications,
obtaining supergravity solutions corresponding to B2-elds of rank 4 or 6.
In the rank 4 case, one starts with a black 4-brane smeared in two directions and
performs two sets of coordinate redenitions and T-dualities to obtain the following black
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H1 = 1 +
R0 cosα1
2r cosα2
































































H−10 tanα1 tanα2dx0 ^ dx1 ^ dx2
+
(
H−11 tanα1dz3 ^ dz4 +H−12 tanα2dz5 ^ dz6






Similar considerations can be applied to the rank 6 case. We will write down only the
form of the 11D solution:




























































































H−11 t2t3dx0 ^ dz1 ^ dz2 +
1
2




H−12 t1t3dx0 ^ dz3 ^ dz4 +
1
2




H−13 t1t2dx0 ^ dz5 ^ dz6 +
1
2
RH−13 t3 cos θdz5w dz6 ^ dψ
(13)
with
H0 = 1 +
R0
2rc1c2c3




H2 = 1 +
R0c2
2rc1c3





and where ci  cosαi and ti  tanαi. Note the appearance of a cross term in the metric
between dy and dx0. This is a consequence of the fact that a D6-brane with a rank 6
B2-eld induces a non-zero C1 eld (said dierently, the D6-brane with a rank 6 B2 carries
D0-brane charge). This C1 lifts to become the o-diagonal metric terms seen above.
3 Time-Dependent Cases
Another new solution can be obtained by performing the null-brane quotient [21,22] on the
D5-brane, with the parabolic quotient acting along the brane (in directions x+, x−, and
x = x2), and the shift direction transverse (z = x




x− ! x− + 2pix+ 2pi2x+
x ! x+ 2pix+ (16)
z ! z + 2piR.
Now let us switch to the natural invariant coordinates:













In these coordinates, the quotient action is simply ~z ! ~z + 2pi.
In terms of these invariant coordinates (for simplicity, we will drop the tildes from now

















H−1dx+ ^ (dx− ^ dx+ x+dx− ^ dz − xdx ^ dz ^ dx3 ^ dx4 ^ dx5
C2 = g
−1
s Rc  cos θdz ^ dψ,
where,



































(−xdx+ + x+dx ^ dz ^ dψ
C1 = −~g−1s c  cos θdψ.
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We have dened
Note that as R ! 1, we have h ! H , B2 ! 0, and the solution reduces to that of a
standard spherically symmetric black 6-brane, as expected.


















3 (dy + c  cos θdψ)2 (20)
A3 = −R−1h−1
(−xdx+ + x+dx ^ dz ^ (dy + c  cos θdψ) .
As a simple check on the algebra, we note that the equation of motion for the M theory
3-form is obeyed; namely that d  dA3 = 12dA3 ^ dA3 (both sides vanish in this case). This
solution can be further generalized by adding static B2-elds along various directions of the
D6-brane.
4 Kaluza-Klein Reduction
4.1 Some preliminary comments
The metrics and fluxes obtained in our prior discussion dene both M theory and type
IIA compactications. Our subsequent discussion assumes an M theory compactication,
but similar comments apply to type IIA. It is worth rst recalling how we obtain localized
7-dimensional modes for the case of vanilla Taub-NUT. We begin by considering small





where δg parametrizes metric fluctuations, while δA3 parametrizes 3-form fluctuations. In
conventional situations without background fluxes, the two fluctuations decouple, and can
be analyzed separately.
So we consider 3-form fluctuations of the form [23],
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The U(1) gauge symmetry
A1 ! A1 + dλ0
visible at low-energies arises from the symmetry
A3 ! A3 + dλ2
since
(A1 + dλ0) ^ ω = δA3 + d(λ0ω).
Note that the gauge symmetry of the full theory is much larger since the gauged 7-
dimensional Poincare group is still unbroken by this background. However, these two
symmetry groups can be considered separately in the low-energy theory.
To proceed, let us actually construct the 2-form ω, which was found for Taub-NUT
in [24, 25]. We will use the same approach to nd forms on our generalized Taub-NUT
metrics. The space of harmonic two-forms can be decomposed into two components, each
containing either self-dual or anti-self-dual forms. Topologically, Taub-NUT is equivalent
to R4 so any closed 2-form ω is exact, and can be written in the form dξ. If ω is to be non-
trivial then ξ cannot be normalizable. Our search therefore reduces to nding one-forms,
ξ, satisfying dξ =  4 dξ. To generalize our discussion in a way that will be useful later,
let us write our Taub-NUT space in the form
In order to x the normalization constant, we use the following argument which appears
in [26, 23]. The action for a membrane wrapping the directions r, y, and a transverse
direction should give rise, on reduction along y, to the action of an open string ending on
the D6-brane. The membrane action is
Returning to the case of standard Taub-NUT, we have G1 = H and G2 = H
−1. The
integral is particularly simple and gives,
Let us imagine, for the moment, that we know the complete 7-dimensional eective
action to all orders in `s. We could now contemplate moving in the space of SUGRA
solutions by turning on a background < B2 > 6= 0. By turning on this background, we
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reduce the full Spin(6, 1) Lorentz group to some subgroup. Nevertheless, the low-energy
physics should be captured by the complete eective action which, from string theory, we
expect takes the form
4.2 The static warped case
Reduction on warped metrics introduces a number of novel issues to which we now turn. Let
us begin by overviewing the key features of the supergravity solutions described earlier. The
D6-brane world-volume supports a 6 + 1-dimensional abelian gauge-eld. We turn on an
NS-NS B2-eld along certain directions of the world-volume. The B2-eld is characterized
by its rank (2, 4, or 6). The presence of the B2-eld explicitly breaks the Spin(6, 1) Lorentz
symmetry to a subgroup that depends on the rank. The corresponding M theory duals are
the warped metrics of section 2 which generalize the Taub-NUT space. By a warped metric,
we mean a metric that takes the form:
The B2-eld in type IIA lifts to the 3-form, A3, with eld strength G4 in M theory.
The second important feature of these solutions is the presence of G4 flux. It is typical
in supergravity that warping is accompanied by fluxes. This complicates a Kaluza-Klein
analysis since the metric and 3-form modes can mix in a non-trivial way. A discussion of
how to nd massless modes in situations like this appears in [27], which we will use as a
guide. The rst change from the usual case of (??) is that our warping is asymmetric. Let
us parametrize space-time by coordinates x0, . . . , x4, z1, z2, and let B2, for simplicity, be
non-vanishing in the z1, z2 directions. The metric takes the form,
In the unwarped case, vectors arose by reducing A3 on harmonic 2-forms of M. We
need to be more careful here. An A3 fluctuation, δA3, can be written in the form
The fluctation is expanded in eigenmodes of the equation of motion
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The left hand side can be expanded to give,
d ^ dδA3 = d  F2 ^ (fa+1/21 f 1−a2  ω) + F2 ^ d(fa+1/21 f 1−a2  ω)
+d  A1 ^ (f b+3/21 f 1−b2  dω) + A1 ^ d(f b+3/21 f 1−b2  dω). (21)
The Hodge star products are now with respect to the unwarped space-time metric and the
metric forM. The numbers a, b depend on the number of legs that F2 and A1, respectively,
have in the directions of < B2 >. To make the last two terms vanish, we require that
dω = 0.
The rst term of (21) gives the equation of motion for A1, and it is already clear that
the metric and couplings will be asymmetric. We can see this explicitly. Let us assume, for
the moment, that the only way gauge-eld kinetic terms arise is from this rst term. The
analogue of (??) now gives a matrix of coupling constants,
Explicitly we nd, in the limit of small B that:





















We now demand that our eective space-time action be covariant taking the form
To see this, let us return to our analysis of equation (21). More interesting, and prob-
lematic, than the rst term is the second term. This term is a (5, 3) form, and so does
not give a non-vanishing term in the action when wedged with δA3. However, it does give
couplings between the supergravity elds and the elds localized on the brane in a way
described in [23, 28]. For example, a term on the brane of the formZ
δB2 ^ F
arises this way. Usually, without warping, we would pick a gauge where ω is harmonic
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How are we to remedy this problem? Implicitly, we have decoupled metric fluctuations
from our discussion so far, but now we are forced, by the asymmetric warping, to reintroduce
δg fluctuations to satisfy the equations of motion. Said dierently, there is a coupling of
the form
The second term in (21) is a (5, 3) form. Let us take the case of a = 1. To cancel these
terms by appropriate metric fluctuations, note that (??) contributes the following terms to




µ1    dxµ5 δgµ61g22B12  ωb +p
g µ11µ7 dx
µ1    dxµ5 g11δgµ72B12  ωb

. (23)
These terms give rise to both (5, 3) and (6, 2) forms. The rst two (5, 3) terms of (23) can
cancel the terms of (21) with a = 1 but not a = 2 if
δg1µB12  F2µ, δg2µB12  F1µ.
The proportionality constant is a function of r. The (6, 2) terms have the form d  F2 ^ ω0
for some internal space 2-form ω0. These terms modify the gauge-eld kinetic terms.
In a similar way, to cancel the terms with a = 2, we also need to consider δg11 and
δg22 fluctuations. To determine the correct combination of metric fluctuations, we should
analyze the equation for metric fluctuations which comes from terms in the action with the
schematic form,
Metric fluctuations are not the only fluctuations induced by our original choice (??).
The (2, 2) form dδA3 plugged into the right hand side of (??) gives a (4, 4) form. To cancel
this term, we need to supplement the original δA3 with an induced term of the form
4.3 Insights from duality chasing
Let us recall the method that we used to generate the warped supergravity solutions.
We started with the 11-dimensional Taub-NUT solution. After reducing along the circle
direction to get a IIA D6-brane, we T-dualized to get a smeared D5-brane of type IIB. We
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then performed a change of coordinates, and compactied a new direction. In the static case,
we eectively T-dualized back to type IIA on a non-rectangular torus generating a B2-eld.
In the time-dependent case, we switched to coordinates in which the null-brane quotient
is a simple circle identication. Again, we T-dualized back to IIA. Generating higher rank
B2-elds simply required more T-dualities. In either case, the result is a IIA D6-brane with
B2-elds along some world-volume directions. Finally, we lifted these congurations to 11
dimensions.
At the starting point of this duality chain, the correspondence between 11-dimensional
supergravity and the low-energy theory on the brane world-volume is well understood.
As discussed in section 4.1, the gauge fluctuations on the brane correspond to 3-form
fluctuations of the form δC3 = A1 ^ ω, where A1 becomes the gauge-eld on the brane,
and ω is the normalizable harmonic 2-form on Taub-NUT. The overall normalization of
ω is determined by comparing the membrane and open string actions. On reduction, the
correct Yang-Mills coupling and action emerge.
To take advantage of our understanding in the basic case, and to learn more about
the warped backgrounds, it is natural to take the known localized fluctuations from Taub-
NUT and push them through the chain of dualities. By construction, we should obtain
fluctuations of the 11-dimensional elds which are localized on the brane, and which solve
the equations of motion (so that they give rise to massless 7-dimensional elds). Let us
perform this exercise rst for the static case with a rank 2 B2-eld, and then for the time-
dependent case.
4.3.1 Duality chasing the static background
We start with the ordinary Taub-NUT gauge fluctuations studied earlier,
After chasing this fluctuation through the duality chain, we nd that the Aµ fluctuations













−2pi`2p sinαH−11 (5F2) . (24)
In the second line, the 5 acts only in the µ, ν directions. Explicitly in components
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The A5 and A6 fluctuations give rise to both a 3-form fluctuation, and metric fluctua-
tions, in a particular combination. The 3-form component is given by
δA3 = 2pi`
2















H−11 sin θdθ ^ dψ

(25)






























That a combination of metric and 3-form fluctuations are needed is in accord with our
earlier direct analysis.
Suppose we consider a dierent set of fluctuations that dier by a gauge transformation
Aµ
0 = Aµ + ∂µλ, Ai0 = Ai + ∂iλ.
Before chasing this fluctuation through the duality chain, we know that this corresponds
to the same supergravity solution because it diers from our original conguration by a
3-form gauge transformation
A3 ! A3 + d(λω).
After performing the dualities, we must therefore also have the same solution. However,
now even the metric diers for A and A0. The resolution must be that the two answers dier
by some combination of 3-form shift and dieomorphism. In this way, what we would have
thought of as a U(1) gauge symmetry becomes mixed with dieomorphisms, and in this
way, the resulting theory can be reinterpreted as having a non-commutative gauge group.
With some foresight, let us dene A1 = A5 cosα, A2 = A6 cosα. The latter of these two
redenitions is natural from the change of variables (4) between x6 and z2. The denition
of A1 can then be justied from the symmetry between z
1 and z2. The two equations above
may now be written
The form of the metric fluctuation suggests a natural change of coordinates
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Specically, let us consider a more general change of coordinates
As mentioned earlier, we can choose any constant value for the parameter θ12. Let us
consider three particular choices of θ12 that simplify the above fluctuations.
The rst choice we consider is θ12 = 0. For this choice, the dieomorphism (??) vanishes
at r = 0. As we shall see, this means eectively that on the brane, we see only commutative
gauge transformations. However, we cannot really escape non-commutativity in the full 11-
dimensional theory in the sense that a commutative gauge transformation on A still maps
to a dieomorphism.
The next choice is θ12 = −1/ tanα, i.e. θ = B−1. In this case, the 3-form piece above
vanishes and the Ai fluctuations move entirely into the metric. The metric fluctuations
become explicitly
One more choice worth mentioning is θ12 = − sinα cosα. If we believe the corre-
spondence between the θ appearing in the dieomorphism and the θ of non-commutative


























Near r = 0, H−11 ’ cos2 αH−12 , so Aµ and Ai appear on equal footing. This is precisely
what we would expect for pure NCYM.
Finally, let us consider what happens to the commutative gauge group of our starting
point. Here, we take the point of view that we have xed a dieomorphism initially.
The duality chain and the dieomorphism then dene a map from the original theory of
supergravity on a Taub-NUT space to a new theory with flux. Under a gauge transformation
A! A+ dλ, we are then instructed to perform a further dieomorphism of the form (??)
but with Aj replaced by ∂jλ (in addition to simply shifting Aµ and Ai by ∂µλ and ∂iλ).
This dieomorphism acts non-trivially on all of the gauge elds, and on any other elds that
we might consider, such as elds that correspond to scalars on the D6-brane. Explicitly, at
r = 0, a eld would transform as
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4.3.2 Relation to the Seiberg-Witten map
In this section we will set 2pi`2p = 1. The dieomorphism (??) for the case θ = B
−1 has an
interesting relation to the Seiberg-Witten map relating the non-commutative gauge eld
A^ to the ordinary gauge eld A [15]. As shown in [16], in the presence of a background
B2-eld, we can dene (for θ = B
−1) the following dieomorphism on the world-volume of
a single D-brane:
We have already seen that under the dieomorphism (??) for θ = B−1, the gauge eld
fluctuations are moved entirely into the metric, at least to linear order in A. Based on
its remarkable similarity to (??), it is natural to wonder whether we can move the gauge
fluctuations into the metric to all orders in A. We will argue below that this is indeed the
case provided we replace A in (??) by A^. Specically, we will use the dieomorphism
We shall now verify the second order correction, so we write A^i = Ai + ai. The second
order piece, ai, is a function of the space-time coordinates, and of r, and is explicitly
given by:
At r = 0, ~θij reduces to the previous θij, and (??) reproduces the Seiberg-Witten map
between A and A^ to linear order in θ. In this sense we can view equation (??) as a lift of the
usual Seiberg-Witten map [15] between commutative and non-commutative variables to the
full supergravity theory. The dieomorphism (??) is the corresponding lift of equation (??).
It is very reasonable to expect that the above procedure can be iterated, and that this lift
can be constructed to all nite orders in A (or equivalently to all nite orders in θ). We
expect that all of the statements of the previous section should similarly extend to all
orders.
4.3.3 Duality chasing the time-dependent background
Before jumping into a time-dependent duality chase, it is worth surveying the structure of
the time-dependent solution (20), which takes the form:
ds2 = f1(r, x
+)
(−2dx+dx− + dx23 + dx24 + dx25 + f2(r, x+) (dx2 + dz2
+f3(r, x
+)
(−x2(dx+)2 + 2x+xdx+dx + f4(r, x+)ds2M1 + f5(r, x+)ds2M2.
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The accompanying M theory G4 has both (3, 1) and (2, 2) pieces. There are multiple warp
factors in the metric (28) but what is most remarkable is that the internal space warp
factors depend on x+. In this sense, space-time and the internal space are warped with
respect to one another. A direct analysis of small fluctuations, along the lines of section 4.2,
should demonstrate the existence of a localized gauge-eld in an interesting way. However,
the same issues that we met in the static case will also appear in this case. We will therefore
follow the duality chasing tactic again.
Let us start again with the fluctuation A1 ^ ω, where
As before, a particular change of coordinates presents itself for use in moving the metric
fluctuations purely into the world-volume directions. If we let µ run over the indices (−, x,
z), then a natural dieomorphism is
We close by noting that under this dieomorphism, the fluctuating part of the 3-form











































^ (dy + c  cos θdψ) .
Clearly, there is much more to be said. This analysis can be continued along the lines of
section 4.3.1 and section 4.3.2, perhaps giving an analogue from gravity of the Seiberg-
Witten map for the time-dependent case.
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A Conventions and Rules
In performing type II T-duality and lifts to M theory, we will (mostly) use the conventions
found in [29]. Let `p denote the eleven-dimensional Planck scale, and `s denote the string
scale.
A.1 Lifting IIA to M theory
A type IIA SUGRA conguration can be lifted to 11 dimensions. Let y parametrize the
eleventh direction. The y coordinate is compact with periodicity 2pi. Writing the 11-
















Aµνy = `pBµν .
A.2 T-Duality
We dualize in the direction x, which we scale to have periodicity 2pi (and is hence dimen-
sionless).
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